Abstract. This paper adopts a modified Fourier-Ritz approach to study the free vibration characteristics of orthotropic circular, annular and sector thin plates subjected to general boundary conditions. For the arbitrary plate forms and the boundary conditions, the displacements can be written in the form of a standard Fourier cosine series supplemented with several auxiliary functions. The auxiliary functions, which are closed-form and introduced to remove all the potential discontinuities of the original displacement function and its derivatives in the whole domain, can be usefully employed in improving the convergence of the results. The artificial boundary spring technique and artificial coupling spring technique are adopted to simulate the arbitrary boundary conditions and to ensure appropriate continuity conditions along the radial edges, respectively. Because the displacement field is sufficiently smooth in the whole solution domain, the accurate solution can be obtained by using the Ritz procedure on the basis of the energy functions. The accuracy, reliability and versatility of the current method are fully demonstrated and verified through numerical examples involving plates with various shapes and boundary conditions.
Introduction
Orthotropic circular, annular and sector thin plates have achieved a wide range of applications, such as ships, aeronautical and space structures and other industrial applications, since they own excellent engineering features. In view of this, it's of great necessary to master the understanding of the vibration characteristics for the orthotropic circular, annular and sector plates, which contributes to the accurate and efficient structure design.
In the past few decades, a large quantity of techniques has been developed to solve vibration problems of the circular, annular and sector thin plates. The contour vibrations of isotropic circular plates were investigated by Onoe [1] using a mathematical method on the basis of Love's theory. Wang and Thevendran [2] solved the free vibration problem of annular plates with internal axisymmetric supports employing the Rayleigh-Ritz method. Wang et al. [3] performed free vibration analysis of annular plates with classical boundary conditions by the differential quadrature method. Mcgee et al. [4] analyzed free vibration of sectorial plates with complete free boundary conditions by a novel Ritz method. Then, the differential quadrature method was developed by Wang et al. [5] to study the free vibration of circular annular plates with classical boundary conditions and non-uniform thickness. Moreover, Wang [6] also extended the differential quadrature method to research the free vibration of thin sector plates with various sector angles and six combinations of classical boundary conditions. The free vibration of ring-shaped polar-orthotropic sector plates with classical boundary conditions was investigated by Irie et al. [7] using the Ritz method. Singh et.al [8] analyzed the transverse vibrations of a circular plates with variable thickness and classical boundary conditions adopting the Rayleigh-Ritz method. Extending the mode subtraction method, Wong et al. [9, 10] studied the sensitivity of changes in displacement mode shape of annular plates relative to the hole size and obtained approximations to frequencies and mode shapes of circular plates with variable thicknesses. Houmat [11] developed a sector Fourier -element on the basis of finite element method to conduct free vibration analysis of sectorial plates with classical boundary conditions. The free vibration analysis of circular and rectangular clamped plates with the clamped boundary condition was studied by Chen et.al [12] using the meshless method. Seok and Tiersten [13, 14] presented a variational approximation procedure for free vibrations analysis of annular sector cantilever plates. Aghdam et al. [15] performed bending analysis of thin annular sector plates with clamped boundary condition by extended Kantorovich method. The free vibration of circular and annular sectorial thin plates with classical boundary conditions was investigated by Li [16] using the finite strip method. Kim and Yoo [17] used a novel analytical solution to investigate flexural responses of annular sector thin plates with classical boundary conditions. Mirtalaie and Hajabasi [18] took the differential quadrature method to study the free vibration of annular sector thin plates with classical boundary conditions. Shi et.al [19] presented an improved Fourier series method to solve the free vibration of isotropic circular, annular and sector thin plates with arbitrary boundary conditions.
Through the above review, it reveals that the existing free vibration investigations mostly center on the isotropic circular, annular and sector thin plates, while the study focusing on the orthotropic circular, annular and sector thin plate is not nearly enough. And most of them primarily are devoted to the plates with particular shapes and under a specific type of boundary conditions. In addition, the existing solution procedures developed to solve the vibration problem of the circular, annular and sector thin plates are often just customized for a specific set of different boundary conditions by setting special trial functions. However, it's well known to us that the structure elements would stand a variety of boundary conditions including classical case, elastic case and their combination in the practice engineering applications. Thus, applying the existing solution procedures to support designers in the pre-design of the engineering applications will result in very tedious and inefficient work. As far as the authors know, there has been no reported solutions for a unified vibration analysis of orthotropic annular, circular and sector plates with arbitrary boundary conditions in the literature. So, it's urgent and of important significance to present a unified, efficient and accurate enough formulation to handle the free vibration problem of orthotropic annular, circular and sector plates subjected to general boundary conditions. Recently, Li [20, 21] proposed an improved Fourier series technique to solve the vibration analysis of the beams and plates with general boundary conditions. Later, Jin and Shi et al. extended the method to study the free vibration of the plates and shells [22] [23] [24] [25] [26] [27] [28] [29] [30] . In this technique, the displacement of a considered structure is expressed as a conventional cosine Fourier series with the addition of several supplementary terms. Taking linear vibration of a classical beam for example, the target of introducing these supplementary terms is introduced, which contributes to a better understanding: For a special set of boundary conditions, the exact solution always exists by means of setting trial functions of a classical beam. For instance, an exact solution exists in the form of sine Fourier series when the beam is under simply-supported ends. But when the boundary condition changes, the sine Fourier series is not applicable to other boundary conditions any longer. Because the displacements of the beam are periodically extended as standard Fourier series onto the beam domain, discontinuities potentially exist in original displacements and their derivatives at the ends. In this case, the expanded expressions cannot be differentiated term-by-term, and thus the solution may not converge or converge slowly because of its potential convergence problem.
This paper aims to present a method to unify the solutions for plates with different shapes, i.e. circular plate, annular plate, circular sector plate and annular sector plate, subjected to general boundary conditions. Under the framework of this paper, the plate displacements are always constructed as a combination of a standard Fourier cosine series and several auxiliary closed-form functions, no matter what the shapes of the plates and the types of the boundary conditions are.
These auxiliary functions, which are used to remove any potential discontinuities occurred in the original displacement function and its derivatives throughout the whole domain including its edges, can greatly improve the convergence of the results. The excellent accuracy and reliability of the current solutions are validated by comparing with the results obtained from the ABAQUS solution, and numerous new results for orthotropic circular, annular and sector thin plates with various boundary conditions are presented.
Theoretical formulations

Description of the model
The orthotropic annular sector plate studied in this paper is given in Fig. 1 . It is with a uniform thickness of ℎ, and the inner radius , outer radius , width ( = − ) in the radial direction and the sector angle are also marked in Fig. 1 . An orthogonal cylindrical coordinate system (r, θ, z) is adopted to describe the geometry and dimensions of the model. Since this paper is to present a unified solution to conduct free vibration analysis of the orthotropic plates with different shapes (namely, the orthotropic circular, annular and sector plates) subjected to general boundary conditions, so how to obtain the other two plates on the basis of the annular sector plate is explained here. As shown in Fig. 2 , for case of the circular sector plate, we only need to set the inner radial equal to zero; for case of the annular plate, two conditions are required: (a) the sector angle of the annular sector plate is equal to 2 ; (b) on the basis of the conditions (a), the kinematic and physical compatibility conditions should be satisfied at the coupling radial edges of = 0 and = 2 . Thus, to achieve the goal, it is necessary to adopt the coupling springs to implement the kinematic and physical compatibility conditions between the two computational meridians of = 0 and = 2 . Lastly, the formulation of the circular plate can be easily obtained by setting the inner radial equal to zero based on the assumptions of the annular plate. 
Energy expressions
For small deformations, the strain-displacement relations in local cylindrical coordinate system ( , , ) can be expressed as:
According to the Hooke's law, the corresponding stress-strain relations of the orthotropic thin circular, annular and sector plates can be written as:
where and are the Young's moduli, and are the Poisson's ratios in the radial and circumferential directions, respectively, among which there is a well-known relation of = .
is the shear modulus. The strain energy of the sector plate is given as:
Submitting Eqs. (1) and (2) into Eq. (3) will lead to the following expression for the strain energy:
where is the sector plate deflection, are the standard bending rigidities in the classical lamination theory:
By neglecting the rotary inertia, the kinetic energy of an orthotropic annular sector thin plate can be written as:
As mentioned earlier, to develop a unified solution to handle with the free vibration problems of orthotropic circular, annular and sector plates with general boundary conditions, the artificial spring boundary technique should be introduced. In this technique, both one group of linear springs and one group of rotational springs are arranged at every boundary of the plate to simulate the boundary forces. With the aid of this technique, the given boundary conditions can be readily achieved just by changing the stiffness values of these springs. For example, if the spring stiffness is set substantially larger than the bending rigidity of the plate, the clamped boundary condition is simulated. The deformation strain energy ( ) stored in the boundary springs during vibration can be defined as:
As mentioned earlier, we need one group of linear coupling springs ( ) and one group of rotation coupling springs ( ) to simulate the annular plates and circular plate when the inclusion or sector angle is equal to 2 . Therefore, the potential energies ( ) stored in in the two types of coupling springs can be defined as:
For three special cases, i.e. the annular sector plate degenerates to a circular sector plate or annular plates and the circular sector plate degenerates to a circular plate, the stiffnesses of corresponding springs used at the inner edge or coupling boundary of the annular sector plate and inner edge together with the coupling boundary are revalued to be zero automatically.
On the basis of the above energy expressions, the Lagrangian functional ( ) of the plates yields:
The governing equations of the orthotropic circular, annular and sector plates can be obtained by applying the Hamilton's principle. Thus, the governing equations of the orthotropic plates are obtained as:
Admissible displacement functions and solution procedure
Looking for the appropriate admissible displacement function is quite vital in the present method. It is expected that the displacement functions are expressed in the form of a Fourier series expansion because Fourier functions constitute a complete set and exhibit good numerical stability. However, the conventional Fourier series expression is generally only effective for a few simple classical boundary conditions, and when applied to other complex boundary conditions, it usually generates the convergence problem along the boundary. Mathematically, when the displacement of the plate is expanded as standard Fourier series onto the entire solution domain, discontinuities may potentially exist in original displacements and their derivatives at the edges. In addition, if not uniformly convergent, these derivatives cannot be easily acquired through term-by-term differentiation any longer.
Such problems can be overcome by a more robust form of Fourier series expansion, and the displacement function in this form is as follows:
where is angular frequency, denotes time, = / , = / , is the Fourier coefficients of two-dimensional Fourier series expansions for the displacements functions. and are the supplemented coefficients of the auxiliary functions. They all need determining further. Through the governing equations, it can be known that, to guarantee that the plate displacement functions and their corresponding derivatives at any point are continuous, the three-order derivative of the displacement function should exist. And as for the admissible function, at least its fourth-order derivatives need exist and be continuous at all points of the structure. In this paper, the following functions are chosen as the auxiliary terms which can efficiently meet the above continuous requirements:
It's not hard to prove that the first and third derivatives along the boundary of these functions mostly equal to zeros in addition to the following cases:
It can be proven mathematically that the series expression in Eq. (11) is able to expand and uniformly converge to any function Θ( , ) ∈ for ∀( , ) ∈ : ( , × 0, ). Its series expansions for up to the fourth-order derivative, which are also uniformly convergent, can be easily derived through term-by-term differentiation. Mathematically, an exact displacement (or classical) solution is a particular function ( , ) ∈ for ∀( , ) ∈ and it needs to follow both the governing equation at every field point and the boundary conditions at every boundary point.
After establishing the admissible displacement functions of the sector plate, next we should find a suitable set of expansion coefficients that will ensure the series, as a whole, satisfies both the governing equations and the boundary conditions in some way. A solution can be obtained either in the strong form by letting the series satisfy the relevant equations exactly on a point-wise basis, or in the weak form by solving the series coefficients approximately using, for instance, the Rayleigh-Ritz technique. The weak form of solution will be sought here since it will be more attractive in modeling complex structures. Thus, substituting Eqs. (4-8) and Eq. (11) into Eq. (9) and
where:
In Eq. (18), and are the stiffness matrix and mass matrix of the plate, respectively. The natural frequencies and eigenvectors can be easily determined by solving a standard matrix eigenvalue problem. Each of the eigenvectors actually contains the series expansion coefficients for the corresponding mode. The physical mode shapes can be simply obtained by using Eq. (11).
Numerical results and discussion
In this section, the free vibration of the orthotropic circular, annular and sector thin plate is investigated based on the theoretical formulations developed in the previous section, and several numerical results are calculated. If there are no other special notes, the non-dimensional Ω = ( ℎ ⁄ ) ⁄ ⁄ is always used in this paper, and the material properties of orthotropic plates keep the following settings: = 7850 kg/m 3 ,
= 70 GPa, = 40 , = 3.51 GPa, = 0.3.
Spring and convergence study
In the theoretical formulation, the artificial spring boundary technique is introduced to simulate the given boundary conditions. Furthermore, we need one group of liner couplings spring and one group of rotation coupling springs along the coupling boundary to enforce the continuity conditions for the displacements at the edges = 0 and = 2 . In real calculation, the case of classical boundary conditions can be easily simulated by assigning proper stiffness values to the boundary springs, for instance, the simply-supports boundary (S) can be readily achieved by simply setting the stiffness of the linear spring to be infinitely large and the rotation spring to be zeros; the case of coupling springs of orthotropic annular sector plates (sector angle is equal to 2 ) and circular sector plate (sector angle is equal to 2 ) can be easily generated by assigning proper stiffness to be "infinitely large" to imitate the orthotropic annular plates and circular plate. In fact, the "infinitely large" is unrealistic and meaningless in actual calculations, and we only choose a sufficiently large number. So it can be seen that the boundary spring stiffness and the coupling spring stiffness have a significant effect on the modal characteristics and we should make it clear firstly.
As the first example, we focus on the effect of the elastic boundary restraint parameters on the frequency parameter Ω of orthotropic circular, annular and sector plate. In Fig. 2 , the variations of the lowest three frequency parameters Ω versus the elastic restraint parameters Г ( ) for orthotropic thin annular sector plates are presented. Here, the frequency parameter ΔΩ is ΔΩ = Ω Г − Ω Г
. The boundary condition is clamped at boundaries = and elastically supported by only one group of spring components with stiffness varying from 10 From  Fig. 2 , it is observed that the frequency parameters Ω increase as the stiffness parameters increase in the certain range. It is shown that the active ranges of stiffness parameters vary with the change of boundary springs. Next, effects of elastic coupling restraint stiffness parameters on the frequency parameters Ω of orthotropic annular and circular plates are also studied. The variations of the lowest three frequency parameters Ω versus the elastic coupling restraint parameters Γ are given in Fig. 3 . It is seen from Fig. 3 that both translational and rotational coupling restraints can meaningfully affect the natural frequencies of the plate. And it also reveals that when the nondimensional stiffness of the liner coupling springs and is larger than 10 6 or smaller than 10 1 , their effect on the frequency parameters will almost remain unchanged. Based on the analysis, it can be found the frequency parameters exist the large change as the stiffness parameters increase in the certain range. The "infinitely large" stiffness of the boundary springs and coupling springs can be realized by assigning the boundary spring stiffness to 10 14 and 10
12
, respectively. In the following discussions, transverse vibration frequencies and modal shapes of orthotropic circular, annular and sector plates with arbitrary classical boundary conditions, general elastic boundary conditions and their combinations will be presented. In the following, the spring stiffness parameters corresponds to six kinds of commonly encountered boundary conditions are listed, taking the edge = as an example: The selection of appropriate admissible functions is of critical importance in the Rayleigh-Ritz method because the accuracy and efficiency of solutions depend greatly on the selected displacement functions. In the actual calculations, the proposed modified Fourier series expressions are truncated to and to obtain the results with acceptable accuracy due to the limited speed, the capacity and the numerical accuracy of computers. Therefore, it is of great importance to check its accuracy, convergence and numerical robustness. The first eight frequency parameters Ω for orthotropic annular sector plates, circular sector plate, annular plate and circular plate subjected to clamped boundary conditions and different truncated number and (i.e. = = 10, 11, 12, 13, 14) are given in Table 1 . The geometric dimensions of the plates used in analysis are given as: for the annular sector plate: = 90°, = 1 m, ⁄ = 2 and ℎ ⁄ = 0.001, for the annular plate: = 360°, = 1 m, ⁄ = 2 and ℎ/ = 0.001, for the circular sector plate: = 90°, = 1 m and ℎ/ = 0.001, for the circular plate: = 360°, = 1 m and ℎ/ = 0.001. From Table 1 , it can be seen that the natural frequencies converge monotonically and rapidly as the truncation number and increase. The modified Fourier-Ritz approach has an excellent convergence. According to the convergence of results in Table 1 , the truncated numbers will be selected as = = 12 in the rest of studies. For further validation of the current solution, more numerical examples will be presented. 
Validation and some new results
In this subsection, the present method is applied to studying free vibration of orthotropic circular, annular and sector plate with general boundary conditions and by numerical examples, its applicability and accuracy can be validated. First of all, comparison studies are given in Tables  2-5 to confirm the accuracy and reliability of the proposed method. The material properties and geometrical dimensions of the Tables 2-5 are the same as Fig. 2 . In Table 2 , the first eight frequency parameters Ω of orthotropic annular sector thin plate is presented. For comparison, the reference results obtained using the FEM (ABAQUS) model are also given here. From the table, we can see that the two results are in good agreements. Table 3 shows the first eight frequency parameters for the circular sector thin plate, and the detail comparisons between results obtained by the present method and those provided by FEM solutions (ABAQUS) are presented, in which the circumference edges are with clamped boundary conditions and the radial edges are under six types of elastic boundary conditions. It is also obvious that the current results match very well with the referential data. Table 4 and Table 5 present the first eight frequency parameters Ω of the orthotropic annular plate and circular plate with different classical boundary conditions, respectively. Also, as a contrast, the reference results obtained using a FEM (ABAQUS) model are also listed. It can be seen that excellent agreement of the results is obtained again. The above examples are restricted to classical boundary conditions, so next, the cases of elastic boundary conditions will be investigated. The Tables 6-9 show the first eight frequency parameters for the orthotropic annular sector plate, circular sector plate, annular plate and circular plate with different elastic boundary conditions, respectively. The liner elastic boundary restrains = = = and rotation elastic boundary restrains = = = uniformly vary from 10 6 to 10 12 at all edges. The reference results obtained using a FEM (ABAQUS) model are also included in Tables 6-9 . It shows an excellent agreement of the results. Based on the above analysis, it implies that current method is able to make correct predictions for the modal characteristics of orthotropic circular, annular and sector plate with not only classical boundary conditions but also elastically restraint boundary conditions. Also, the above numerical results may serve as benchmark solution for future researches to evaluate the new 2-D plate theories and to be as compassion of the results obtained by approximate numerical methods. Some mode shapes for circular, annular and sector plates with different boundary conditions, geometric and material parameters are depicted in Fig. 4 . 
Conclusions
As mentioned above, the vibration of orthotropic circular plates, annular plates, and annular, circular sectorial plates was traditionally treated as different boundary value problems, which results in numerous specific solution algorithms and procedures. It is the problem itself that has been an overwhelming task for a new researcher or application engineer to comprehend.
Furthermore, each type of plate usually needs treating separately when different boundary conditions are involved. In order to overcome the above shortcomings, the authors present a unified solution to study the free vibration of the orthotropic circular, annular and sector plate and it breaks through the barriers of different boundary conditions and geometrical shapes. The convergence of the present method is checked through numerical examples and its excellent accuracy and reliability are validated by the comparison with the results obtained by the finite element method. Compared with the most existing methods, the present method has the following highlights:
1) The present method can conduct the vibration analysis for orthotropic circular, annular and sector plates in a unified way.
2) The proposed method is appropriate for general boundary conditions and enables rapid convergence, high reliability and accuracy.
3) The change of the boundary conditions can be easily achieved by only changing the stiffness of the boundary restraint springs along all the edges of plates without involving any change to the solution procedure.
In addition, some new results of the orthotropic circular plates, annular plates, and annular, circular sectorial plates are also reported for the first time, and they may be served as benchmark data for the designers and engineers to avoid the unpleasant, inefficient and structurally damaging resonant.
